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We are concerned with the existence and uniqueness for the several types of second-
order initial value problems with a singular indefinite weight which are related to singular
p-Laplacian eigenvalue problems.
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1. Introduction and main results
In this work, we establish the existence and uniqueness for the following three types of singular initial value problems:
ϕp(u
′(t))′ + h(t)f (u(t)) = 0,
u(0) = 0, u′(0) = 1, (IV P0)
u(1) = 0, u′(1) = −1, (IV P1)
and {
ϕp(u
′(t))′ + h(t)f (u(t)) = 0,
u(t0) = 0, u′(t0) = 0, (IV Pt0 )
where ϕp(x) = |x|p−2x, p > 1, t0 ∈ [0, 1] and h ∈ C((0, 1), [0,∞))may be singular at 0 and/or 1 and f ∈ C(R,R).
Problems (IVPi), i = 0, 1, t0, are related to the boundary value problem{
ϕp(u
′(t))′ + h(t)f (u(t)) = 0,
u(0) = u(1) = 0. (SQP)
In particular, it is helpful to find sign-changing solutions for (SQP).
The history of studies on singular initial and boundary value problems with sign-changing nonlinearity is relatively short.
Recently, Agarwal, O’Regan, Lakshmikantham and Leela [3] established a variant of upper and lower solution theory for
singular initial value problems of the form{
u′ + h(t)f (t, u) = 0, 0 < t < 1,
u(0) = 0, (FIV P)
with h ≡ 1 and f singular at t = 0 and u = 0. They employed a method of approximation by a sequence of non-singular
problems. For when h ∈ C(0, 1) ∩ L1(0, 1) and f is singular at u = 0 with complementary but rather general assumptions
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on f , Agarwal–O’Regan [2] proved a couple of existence results using approximation by a sequence of time variable singular
problems. For more details about recent theory on singular differential equations including problems with sign-changing
nonlinearity, one may refer to Agarwal and O’Regan [1]. For quasilinear second-order initial value problems, under the
assumption that |g(t, u)| ≤ ch(t)|u|p−1 with h ∈ Lq(0, 1), q > 1, Yang [7] showed the existence and uniqueness of a solution
of the following initial value problem:{
ϕp(u
′(t))′ + g(t, u(t)) = 0,
u(0) = 0, u′(0) = a > 0,
using the Gronwall inequality. For when h ∈ L1(0, 1), Zhang [8] proved the existence and uniqueness of a solution for (IV P0)
when f (u) = ϕp(u) by transforming to a system and applying Sturmian comparison.
For h beyond L1-class, the authors believe that there has been no attempt to study initial value problems yet. Let us list
three classes of indefinite weights which contain L1-class as a subset.
• A = {h ∈ C(0, 1) : ∃0 ≤ α,β < p− 1 such that ∫ 10 tα(1− t)βh(t)dt <∞},
• B = {h ∈ C(0, 1) : ∫ 10 tp−1(1− t)p−1h(t)dt <∞},
• C = {h ∈ C(0, 1) : ∫ 120 ϕ−1p (∫ 12s h(τ)dτ) ds+ ∫ 112 ϕ−1p (∫ s12 h(τ)dτ) ds <∞}.
Then it is easy to show: (i) L1(0, 1) ⊂ A. (ii)A ⊂ B,A ⊂ C. (iii)A = B = C when h is of the form t−γ(1− t)−δ, for some
γ, δ > 0. A technical reason makes us consider the class A in this work and leave the classes B and C for future studies.
Thus, throughout this work, we assume h ∈ A. The other concern in this work is the shape of f at the origin, so we also
assume 0 ≤ f0 , lim|u|→0 f (u)ϕp(u) <∞.
We state the main theorems as follows.
Theorem 1.1. Assume h ∈ A and 0 ≤ f0 <∞. Then each problem (IVPi), i = 0, 1, has at least one solution in [0, 1].
Next, let us consider the following hypothesis.
(F) ∃C > 0 such that |f (u)− f (v)| ≤ C|ϕp(u)− ϕp(v)|, for all u, v ∈ [0,∞).
Theorem 1.2. Assume h ∈ A and (F). Then each problem (IVPi), i = 0, 1, has at most one solution.
Theorem 1.3. Assume h ∈ A and 0 ≤ f0 <∞. Problem (IVPt0) has only a trivial solution.
2. Proofs
Let us begin this section by recalling the generalized Gronwall type inequality.
Lemma 2.1 (Theorem 2.1, [6]). Let u, g be nonnegative continuous functions in a real interval I = [a, b]. Suppose that k(t, s) and
its partial derivative kt(t, s) exist and are nonnegative continuous functions for almost every t, s ∈ I. If the inequality
u(t) ≤ c+
∫ t
a
g(s)u(s)ds+
∫ t
a
g(s)
(∫ s
a
k(s, τ)u(τ)dτ
)
ds,
holds, where c is a nonnegative constant, then
u(t) ≤ c
[
1+
∫ t
a
g(s) exp
(∫ s
a
(g(τ)+ k(τ, τ))dτ
)
ds
]
.
Remark 2.2. This lemma still holds true when we replace a continuous function g with an L1-function g.
For δ > 0, define Ap : C[0, δ] → C[0, δ] by taking
Ap(v)(t) =

1
t
∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τv(τ))dτ
)
ds, t ∈ (0, δ],
1, t = 0.
Since 0 ≤ f0 < ∞ and A ⊂ B, this operator is well defined. If Ap has a fixed point in C[0, δ], then it is easy to see that
u(t) := tv(t) is a solution of (IV P0) in [0, δ]. We introduce a couple of well-known inequalities for later use:
ϕp(a+ b) ≤ γp(ϕp(a)+ ϕp(b)), (2.1)
for a, b ≥ 0, where γp := max{1, 2p−2} and the Mean Value Theorem
ϕp(a)− ϕp(b) = (p− 1)(a− b)|c|p−2, (2.2)
where c is between a and b.
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Lemma 2.3. For sufficiently small δ, we have Ap(M) ⊂ M, where M = {v ∈ C[0, δ] : ‖v‖C[0,δ] ≤ γ 1
p−1
+ 1}.
Proof. Noting that 1 > α
p−1 , it follows from (2.1) and 0 ≤ f0 <∞ that
|Ap(v)(t)| =
∣∣∣∣1t
∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τv(τ))dτ
)
ds
∣∣∣∣
≤
∫ t
0
ϕ−1p
( 1
tp−1
+ 1
tp−1
∫ s
0
h(τ)|f (τv(τ))|dτ
)
ds
≤
∫ t
0
γ 1
p−1
[1
t
+ c1‖v‖C[0,δ]ϕ−1p
( 1
tp−1
∫ s
0
τp−1h(τ)dτ
)]
ds
=
∫ t
0
γ 1
p−1
[
1
t
+ c1‖v‖C[0,δ]ϕ−1p
(
1
tα
∫ s
0
τα
τp−1−α
tp−1−α
h(τ)dτ
)]
ds
≤
∫ t
0
γ 1
p−1
[1
t
+ c1‖v‖C[0,δ]ϕ−1p (c2)
1
t
α
p−1
]
ds
= γ 1
p−1
+ c3γ 1
p−1
‖v‖C[0,δ]t1− αp−1 ≤ γ 1
p−1
+ c3γ 1
p−1
‖v‖C[0,δ]δ1− αp−1 ,
where c2 := ∫ 120 ταh(τ)dτ. Hence, by taking sufficiently small δ > 0, we have Ap(M) ⊂ M. 
Lemma 2.4. Ap is completely continuous.
Proof. First, to show the compactness of Ap in C[0, δ], taking a bounded subset S ∈ C[0, δ], then from Lemma 2.3, Ap(S) is
bounded in C[0, δ]. To show the equicontinuity of Ap(S) on C[0, δ], we claim that for all  > 0, there exists 0 < δ1 < δ4
such that |Ap(v)(t) − 1| < , for t ∈ [0, δ1]. The immediate consequence is that |Ap(v)(t1) − Ap(v)(t2)| < 2, for all
t1, t2 ∈ [0, δ1]. For every v ∈ S and t ∈ [0, 2δ1], using (2.2) and the continuity of tp−α−1, since for sufficiently small
s, 12 ≤ 1−
∫ s
0 h(τ)f (τv(τ))dτ ≤ 32 ,we get
|Ap(v)(t)− 1| =
∣∣∣∣1t
∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τv(τ))dτ
)
ds− 1
t
∫ t
0
ϕ−1p (1)ds
∣∣∣∣
≤ c4 1
t
∫ t
0
(∫ s
0
h(τ)|f (τv(τ))|dτ
)
ds ≤ c5 1
t
∫ t
0
(∫ s
0
τp−1h(τ)dτ
)
ds
= c5
∫ t
0
1
s2+α−p
(∫ s
0
τα
τp−1−α
sp−1−α
h(τ)dτ
)
ds ≤ c5
∫ t
0
1
s2+α−p
(∫ s
0
ταh(τ)dτ
)
ds
≤ c6
∫ t
0
1
s2+α−p
ds ≤ c7tp−1−α < .
For t ∈ [δ1, δ], we compute
|Ap(v)′(t)| =
∣∣∣∣∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τv(τ))dτ
)
ds+ 1
t
ϕ−1p
(
1−
∫ t
0
τp−1(1− τ)p−1h(s)f (sv(s))ds
)∣∣∣∣
≤
∫ δ
0
ϕ−1p
(
1+ c8
∫ δ
0
τp−1h(τ)dτ
)
ds+ 1
δ1
ϕ−1p
(
1+ c9
∫ δ
0
sp−1h(s)ds
)
=: L.
For δ2 = L , for all t1, t2 ∈ [δ1, δ] and |t1 − t2| < δ2, we have
|Ap(v)(t1)− Ap(v)(t2)| ≤ |Ap(v)′(η)||t1 − t2| < Lδ2 = ,
where η lies between t1 and t2. Letting δ3 = min{δ1, δ2}, we have for t1, t2 ∈ [0, δ], |Ap(v)(t1) − Ap(v)(t2)| < 3,∀v ∈ S. We
finally prove that Ap : C[0, δ] → C[0, δ] is continuous. Assume that sequence {vn} converges to v0 in C[0, δ]. From (2.2), we
have that for 0 < t ≤ δ,
|Ap(vn)(t)− Ap(v0)(t)| ≤
∣∣∣∣1t
∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τvn(τ))dτ
)
− ϕ−1p
(
1−
∫ s
0
h(τ)f (τv0(τ))dτ
)
ds
∣∣∣∣
≤ 1
t
∫ t
0
∣∣∣∣∫ s
0
h(τ)[f (τvn(τ))− f (τv0(τ))]dτ
∣∣∣∣ c10ds
≤ c10
t
∫ t
0
∫ s
0
h(τ)|f (τvn(τ))− f (τv0(τ))|dτds. (2.3)
By the Lebesgue Dominated Convergence Theorem, we get the conclusion. 
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Proof of Theorem 1.1. Using the Schauder Fixed Point Theorem with Lemmas 2.3 and 2.4, we can guarantee the local
existence of solutions of (IV P0). Next, we show that this local solution can be extended to 1. Let u be a local solution of
(IV P0). Then u(t) = ∫ t0 ϕ−1p (1− ∫ s0 h(τ)f (u(τ))dτ) ds. From 0 ≤ f0 <∞, we obtain
|u(t)| ≤
∫ t
0
ϕ−1p
(
1+ c11
∫ s
0
h(τ)ϕp(|u(τ)|)dτ
)
ds
≤
∫ t
0
γ 1
p−1
[
1+ ϕ−1p
(
c11
∫ s
0
(1− τ)β
(1− s)β h(τ)ϕp(|u(τ)|)dτ
)]
ds
≤ γ 1
p−1
[
1+ ϕ−1p
(
c11
∫ t
0
(1− τ)βh(τ)ϕp(|u(τ)|)dτ
) ∫ t
0
ϕ−1p ((1− s)−β)ds
]
.
A standard argument implies that a local solution can be extended to 1 and we conclude the global existence for (IV P0). For
problem (IV P1), define Bp : C[1− δ, 1] → C[1− δ, 1] by
Bp(v)(t) =

1
1− t
∫ 1
t
ϕ−1p
(
−1+
∫ 1
s
h(τ)f ((1− τ)v(τ))dτ
)
ds, t ∈ [1− δ, 1),
−1, t = 1.
Applying an argument similar to the above with Bp and u(t) = (1− t)v(t), we complete the proof. 
Next, we study the global uniqueness. Since every local solution can be extended to 1, we need only the local uniqueness.
Proof of Theorem 1.2. We prove for problem (IV P0). By a similar argument with Bp, we get the same conclusion for problem
(IV P1). Let u1 and u2 be solutions of (IV P0). Then for ui(t) = tvi(t), i = 1, 2, we have
|v1(t)− v2(t)| ≤
∣∣∣∣1t
∫ t
0
ϕ−1p
(
1−
∫ s
0
h(τ)f (τv1(τ))dτ
)
− ϕ−1p
(
1−
∫ s
0
h(τ)f (τv2(τ))dτ
)
ds
∣∣∣∣ .
For sufficiently small s > 0, using the fact that 12 ≤ 1−
∫ s
0 h(τ)f (τvi(τ))dτ ≤ 32 and 12 ≤ vi(s) ≤ 32 and (2.2) and (F), we obtain
|v1(t)− v2(t)| ≤ c12
t
∫ t
0
∣∣∣∣∫ s
0
h(τ)[f (τv1(τ))− f (τv2(τ))]dτ
∣∣∣∣ ds
≤ c13
t
∫ t
0
∫ s
0
τp−1h(τ)|ϕp(v1(τ))− ϕp(v2(τ))|dτds
≤ c14
t
∫ t
0
∫ s
0
τp−1h(τ)|v1(τ)− v2(τ)|dτds
≤ c14
∫ t
0
1
s
∫ s
0
τp−1h(τ)|v1(τ)− v2(τ)|dτds
≤ c14
∫ t
0
1
sα−p+2
∫ s
0
ταh(τ)|v1(τ)− v2(τ)|dτds.
This implies v1 ≡ v2 by Lemma 2.1 and this completes the proof. 
Remark 2.5. For the case p = 2, Asakawa [4] obtained the global existence and global uniqueness for the classB with p = 2
which is equivalent to C when f (u) = ϕ2(u) = u. Thus, Theorems 1.1 and 1.2 generalize Asakawa’s result in some sense.
Proof of Theorem 1.3. First, we consider the case 0 < t0 < 1 and assume 0 < t < t0. Then we obtain
|u(t)| ≤
∫ t0
t
ϕ−1p
(∫ t0
s
h(τ)|f (u(τ))|dτ
)
ds.
It follows from assumption 0 ≤ f0 <∞ that
|u(t)| ≤
∫ t0
t
ϕ−1p
(∫ t0
s
h(τ)c15ϕp(|u(τ)|)dτ
)
ds,
where c15 > 0 a constant. Hence, we have
|u(t)| ≤
∫ t0
t
ϕ−1p
(∫ t0
s
h(τ)c15ϕp(|u(τ)|)dτ
)
ds
≤ ϕ−1p (c15)
∫ t0
t
ϕ−1p
(∫ t0
s
τα
sα
h(τ)ϕp(|u(τ)|)dτ
)
ds
≤ ϕ−1p (c15)ϕ−1p
(∫ t0
t
ταh(τ)ϕp(|u(τ)|)dτ
) ∫ t0
t
ϕ−1p (s
−α)ds.
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By the monotonicity of ϕp and p− 1− α > 0, we get
ϕp(|u(t)|) ≤ c16
∫ t0
t
ταh(τ)ϕp(|u(τ)|)dτ.
By Gronwall’s inequality, we get u(t) ≡ 0 for t ∈ [0, t0]. It is not hard to get u(t) ≡ 0 for t ∈ [t0, 1] by a similar argument. The
cases t0 = 0 and t0 = 1 can be proved by similar arguments. 
Remark 2.6. For the case of h ∈ L1(0, 1), the conclusion of Theorem 1.3 is also true for the case f0 = ∞, so the growth
restriction on f0 is not necessary (see [5]).
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